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Abstract
We investigate the utility of the convex hull ofmany Lagrangian tracers to analyze transport properties
of turbulent ﬂowswith different anisotropy. In direct numerical simulations of statistically
homogeneous and stationaryNavier–Stokes turbulence, neutral ﬂuid Boussinesq convection, and
MHDBoussinesq convection a comparisonwith Lagrangian pair dispersion shows that convex hull
statistics capture the asymptotic dispersive behavior of a large group of passive tracer particles.
Moreover, convex hull analysis provides additional information on the sub-ensemble of tracers that
on average dispersemost efﬁciently in the formof extreme value statistics andﬂow anisotropy via the
geometric properties of the convex hulls.We use the convex hull surface geometry to examine the
anisotropy that occurs in turbulent convection. Applying extreme value theory, we show that the
maximal square extensions of convex hull vertices are well described by a classic extreme value
distribution, theGumbel distribution. During turbulent convection, intermittent convective plumes
grow and accelerate the dispersion of Lagrangian tracers. Convex hull analysis yields information that
supplements standard Lagrangian analysis of coherent turbulent structures and their inﬂuence on the
global statistics of the ﬂow.
1. Introduction
Turbulent transport governs the spreading of contaminants in the environment,mixing of chemical
constituents in combustion engines or in stellar interiors, accretion in proto-stellarmolecular clouds,
acceleration of cosmic rays, and escape of hot particles from fusionmachines. Because of its wide relevance, a
fundamental characterization of the dispersive properties of turbulent ﬂows is of practical interest to physicists
and engineers. Herewe examine the broadly relevant case of dispersion of Lagrangian tracer particles in
statistically homogeneous but not necessarily isotropic turbulence.
The Lagrangian viewpoint is particularly suited to the investigation of transport in turbulent ﬂuids. A
Lagrangian description of turbulence is based on following the paths of passive tracer particles in a turbulent
ﬂow. Single-particle diffusion, as originally addressed byTaylor [1], provides a basic characterization of aﬂow’s
transport properties [2]. Amore complete characterization of the turbulent transport has conventionally been
formed from the relative dispersion of two, three, or four particles [3–11]. However, in astrophysical
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environments where the effects ofmagnetic ﬁelds, rotation, or gravity are often signiﬁcant, themore complex
nature of statistically anisotropic or even inhomogenous nonlinear dynamics warrants additional examination.
Dispersion in dynamically anisotropic systems such as vigorously convecting ﬂows [12–16]where preferred
directions exist and spatially coherent, persistent structures like convective plumes can form,motivates the
present consideration of a complementary diagnostic based on a different Lagrangian concept: the convex hull
[17] of a n-particle group (n 4 ).
The convex hull is the smallest convex polygon that encloses a group of particles; two dimensional convex
hulls are pictured inﬁgure 1. Convex hull analysis of turbulent dispersion is similar in spirit to following a drop
of dye as it spreads in aﬂuid, or following a puff of smoke as it spreads in the air, both classical ﬂuid dynamics
problems [18–20]. A large group of tracer particles can bemarked, similarly to adding a drop of dye to aﬂuid
ﬂow, so that the same particles can be identiﬁed at all later times. Using the convex hull, a size for the group of
tracer particles that weremarked can be calculated at each time.
The convex hull yields statistical information about a class of Lagrangian particles that is not equivalent to
pre-selected tracer particle groups like particle pairs or tetrads. These standard Lagrangianmulti-particle
statistics represent aﬁxed and unique structural relationship between speciﬁc tracer particles. The evolution of
particle-pair structures, expressed e.g. as separation and orientation, is analyzed as the pair of particles is
advected by the ﬂuid. In contrast, the convex hull does not establish a unique link between the tracers that
generate it, but continuously selects from a predeﬁned group, based onwhich tracer particles have ventured
furthest from the geometrical center of the ensemble. Unlike particle pairs or tetrads, the particles that constitute
the convex hull are dynamically changing. The deﬁnition of the convex hull thus corresponds to aﬁltering based
on the entire dynamical past of each particle in the group. The convex hull captures the extremes of the
excursions of a group of particles, information relevant to the non-Gaussian aspects of the dynamics. The
behavior of particles that do not exhibit the fastest dispersion isﬁltered by the convex hull, allowing a
classiﬁcation of particle dynamics with regard to their dispersion efﬁciency. In this workwe begin to explore this
link to extreme value theory, which has the potential to provide newphysical insight for turbulent diffusion. The
dynamical relation between the Lagrangian particle population forming the convex hull and the bulk ensemble
of tracer particles enclosed by it represents another aspect of this diagnostic that could be exploited in
investigations of turbulent structure formation.
Figure 1.An illustration of a two dimensional convex hull (solid line) surrounding a group of particles (solid points) as they disperse in
time. The time progression is indicated by arrows, and the particles in each of the three convex hulls shown are the same.
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In recent years, convex hull calculations have been used to study diverse topics such as the size of spreading
GPS-enabled driftersmoving on the surfaces of lakes and rivers [21, 22], star-forming clusters [23], forest ﬁres
[24], proteins [25, 26], or clusters of contaminant particles [27]. Studies of the relationships between random
walks, anomalous diffusion, extreme statistics and convex hulls have beenmotivated by animal home ranges
[28–34]. Convex hulls have also been used to study analytical statistics of Burgers turbulence by analogywith
Brownianmotion [35–37].
MHD turbulence [38, 39] and turbulence during hydrodynamic convection [40–42] are areas where
statistical analysis of Lagrangian particles has begun to be applied only recently. This work presents new
Lagrangian results from three-dimensional direct numerical simulations of turbulentMHDBoussinesq
convection, and compares themwith turbulent hydrodynamic Boussinesq convection and homogeneous
isotropic turbulence. It is structured as follows. In section 2we describe theﬂuid simulations. In sections 3we
present standard Lagrangian pair dispersion and discuss the results of thesewidely-used statistical tools for
convective ﬂows. In section 4we describe the convex hull analysis that we performon groups ofmany
Lagrangian tracer particles.We perform several basic checks on our convex hull calculations.We then compare
the dispersion curves obtained from convex hulls of large groups of particles with the expected scalings for
particle-pair dispersion. In section 5we demonstrate how the convex hull can be used to examine anisotropy. In
section 6we apply extreme value theory, and show that themaximal square extensions of convex hull vertices are
well described by a classic extreme value distribution, theGumbel distribution. In section 7we summarize the
results of this validation study, and our extreme value statistics.We discuss the potential uses and beneﬁts of
convex hull analysis.
2. Simulations
We investigate three different types of turbulent systems: forced homogeneous isotropicNavier–Stokes
turbulence (simulationNST) [43], Boussinesq convection in a neutral ﬂuid (simulationHC), and Boussinesq
convection in an electrically conducting ﬂuid (simulationMC) [12, 44]. These simulations are not designed for
close comparison, but produced for a broad exploration of the convex hull analysis. In each of these direct
numerical simulations, the equations are solved using a pseudospectralmethod in a cubic simulation volume
with a side of length 2p. The non-dimensional Boussinesq equations forMHDconvection inAlfvénic units are
v j B g
t
, 12 0
w w wn q¶¶ -  ´ ´ + ´ =  -  ´( ) ˆ ( )
B
v B B
t
, 22h¶¶ -  ´ ´ = ( ) ˆ ( )
v v
t
T , 32 0
q q k q¶¶ +  =  - ( · ) ˆ ( · ) ( )
v B 0. 4 =  =· · ( )
These equations include the solenoidal velocity ﬁeld v , vorticity vw =  ´ , magnetic ﬁeld B, and current
j B=  ´ . The quantity θ denotes the temperatureﬂuctuation about a linearmean temperature proﬁleT z0( )
where z is the direction of gravity. In equation (3) thismean temperature gradient provides the convective drive
of the system. In equation (1), the term including the temperature ﬂuctuation θ is the buoyancy force. The vector
g0 is a unit vector in the direction of gravity. Three dimensionless parameters appear in the equations: nˆ , hˆ, andkˆ. They derive from the kinematic viscosity ν, themagnetic diffusivity η, and thermal diffusivityκ.
For simulationHC, themagnetic ﬁeld B is set to zero. For simulationNST, bothmagnetic ﬁeld terms and
temperature terms are zero. Aﬁxed time step and a trapezoidal leapfrogmethod [45] are used for the time-
integration for simulationNST. The Boussinesq convection simulationsHC andMCare integrated in time
using a low-storage 3rd-order RungeKutta scheme [46] and an adaptive time step, which allows for better time
resolution of largeﬂuctuations that occur during convection.
In this workwe discuss turbulent dispersion in an incompressible ﬂuid, where conservation of volume is a
primitive concept. A volume ofﬂuid that is convex at an initial timewill occupy the same volume after a period
of dynamic development butwill generally change its shape and lose its convexity. Lagrangian tracer particles
that are contained in the initial volume aremarked so that they can be followed for the entire time of the
simulation. At any later time, the volume of the convex hull of that group ofmarked particles is generally not
conserved. This is illustrated inﬁgure 1 for a group of particles, and for snapshots taken at three times. The
growth of surface area and volume are natural concepts for convex hulls.
A summary of the fundamental parameters that describe each simulation is given in table 1. In this table, we
deﬁne the Reynolds number to beRe E Lv
1 2 n= á ñ ˆ , where v 22Ev = is the kinetic energy, and the brackets
indicate a time-average.We deﬁne the characteristic length scale L based on the largest-scalemotions of the
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Table 1. Simulation parameters: grid sizeN3, total number of particles in the simulation np (10
6), Reynolds number Re, magnetic Reynolds number Rem, Prandtl number Pr , magnetic Prandtl number Prm, Rayleigh number Ra,
Kolmogorovmicroscale kolh , Kolmogorov time-scale th, Lagrangian crossing time LCT, average kinetic energy dissipation rate v , Alfvén ratio rA , average Bolgiano–Obukhov length divided by the height of the simulation volume boℓ¯ ,
average number of particles per convex hull npch, number of convex hulls Nhulls, initial length scale of convex hull hullℓ .
N3 np(10
6) Re Rem Pr Prm Ra (10
5) kolh (10−3) th(10−2) LCT (th) v rA boℓ¯ npch Nhulls hull kolhℓ ( )
NST 10243 3.2 2900 — — — — 4.58 5.25 276 0.15 — — 24 5000 27
HC 5123 1.0 1500 — 2.0 — 5 12.6 3.97 340 2.54 — 0.28 214 2500 22
MC 5123 1.0 5100 7650 2.0 1.5 2.22 8.9 2.60 530 4.40 1.78 0.12 48 2500 30
4
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system in question. For statistically homogeneous turbulent convection the characteristic length scale is the
instantaneous temperature gradient length scale T T0L *=  whereT* is the root-mean-square (rms) of
temperatureﬂuctuations and∇T0 is the constant verticalmean temperature gradient [47]. For non-convective
statistically homogeneous turbulent ﬂows, the characteristic length scale is a dimensional estimate of the size of
the largest eddies, 3 2L Ev v= , where vkk 2 2v n= áå ñˆ is the time-averaged rate of kinetic energy dissipation.
Themagnetic Reynolds number is deﬁned from the Reynolds number and themagnetic Prandtl number, i.e.
Re Pr Rem m= .Wemeasure length in units of the Kolmogorovmicroscale kol 3 v 1 4h n= ( ˆ ) and alsomake use
of theKolmogorov time-scale v 1 2t n=h ( ˆ ) . TheKolmogorovmicroscalemultiplied by kmax, the highest
wavenumber in the simulation, is often used to test whether a simulation is adequately resolved on small spatial
scales. In this work all of the simulations fulﬁll the standard criterion based on theKolmogorovmicroscale
( .k 1 5kolmaxh > ) for adequate spatial resolution [48]. The Reynolds numbers in table 1 are on the order of 103;
the Reynolds numbers andKolmogorovmicroscales in table 1 are in the same range as current studies of
moderately turbulent ﬂows (e.g. [49, 50]).
Formulation of boundary conditions for simulations of turbulent ﬂows is delicate because boundaries
strongly inﬂuence the structure and dynamics of the ﬂow. For homogeneous isotropic turbulence, it is standard
to employ boundary conditions that are periodic in x, y, and z. These fully periodic boundary conditions are used
for simulationNST. For convection simulations the choice of fully periodic boundary conditions (also called
homogeneous Rayleigh–Bénard boundary conditions) allowsmacroscopic elevator instabilities to form [51].
These instabilities destroy the natural pattern of the original turbulent ﬂowﬁeld. The convection simulations
discussed in this work use quasi-periodic rather than fully periodic boundary conditions. In quasi-periodic
boundary conditions the only additional constraint is the explicit suppression ofmeanﬂows parallel to gravity,
which are removed at each time step. Because our simulations are pseudospectral, themeanﬂow is
straightforwardly isolated as the z component of the k 0, 0, 0= ( )mode in Fourier space, which corresponds to
the volume-averaged velocity in the z-direction. Quasi-periodic boundary conditions combine the conceptual
simplicity of statistical homogeneity with a physically natural convective driving of the turbulent ﬂow. These
boundary conditions do not enforce a large-scale structuring of the turbulent ﬂow, such as the convection-cell
pattern observedwhenRayleigh–Bénard boundary conditions are used. In the quasi-periodic simulations
presented in this work, weﬁnd no evidence of themacroscopic elevator instability althoughwe follow the
evolution of theﬂow for long times. Quasi-periodic boundary conditions allow for direct comparisonwith
simulations that use fully periodic boundary conditions.
In simulationNST themodes k2.5 3.5< < are forced usingOrnstein–Uhlenbeck processes with aﬁnite
time-correlation on the order of the autocorrelation time of the velocityﬁeld (for further details of this forcing
method, see Eswaran and Pope [52]). The convection simulationsHC andMCare Boussinesq systems driven
solely by a constant temperature gradient in the vertical direction. Themagnetic ﬁeld present in simulationMC
is generated self-consistently by theﬂow from a small random seed ﬁeld through small-scale dynamo action. The
system is evolved until a statistically stationary state is reached. For Boussinesq convection, a length scale that
characterizes the scale-dependent importance of convective driving is the Bolgiano–Obukhov length,
bo v T
5 4 3 4 =ℓ , where T is the average rate of thermal energy dissipation. This length scale separates
convectively-driven scales of the ﬂow bo>ℓ ℓ from the range of scales where the temperature ﬂuctuations
behave as a passive scalar bo<ℓ ℓ . In table 1 this length scale is averaged over the simulation time, normalized to
the height of the simulation volume, and recorded as boℓ¯ . The table also includes themeanAlfvén ratio,
rA E Ev b= á ñ, the time-average of the kinetic energy divided by themagnetic energy B 22Eb = . In the present
numerical experiments, Navier–Stokes turbulence displays theweakest formof spatial coherence while
Boussinesqmagneto-convection exhibits anisotropywith regard to the direction of gravity as well as the
occurrence of large-scale spatially-coherent structures. Additionally, a dynamical anisotropy arises because of
the presence ofmagnetic ﬁelds.
The positions of Lagrangian tracer particles are initialized in a homogeneous randomdistribution at a time
when the turbulent ﬂow is in a statistically stationary steady state. The total number of particles in the
simulation, np, is listed in table 1.We use at least amillion particles for a 5123 grid. This is a standard spatial
density of tracer particles used to describe homogeneous turbulence (e.g. [53–55]). The Lagrangian statistics we
produce have been tested and found to bewell-resolved in space and time; we reproduce these statistics with half
the particles. At each time step the particle velocities are interpolated from the instantaneous Eulerian velocity
ﬁeld using either a trilinear (for simulationsHC andMC) or tricubic (for simulationNST) polynomial
interpolation scheme. Particle positions are calculated by numerical integration of the equations ofmotion
using a predictor-correctormethod. For the convex hull calculations, the Lagrangian particle data is resampled
at a rate of approximately 10th for simulationsNST andHC. The rate of sampling for simulationMCwas
smaller by a factor of 10, and this was not found to impact the dispersive results examined here. Each simulation
is run for a sufﬁcient time that Lagrangian particle pairs have separated, on average, at least by the length of the
simulation volume.We call this time the Lagrangian crossing time, LCT, and it is listed in the table in units of the
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Kolmogorov time scale. Lagrangian particle pair dispersion statistics exhibit a diffusive trend near this time since
the velocityﬂuctuations over this time and distance exhibit low correlation.
3. Pair dispersion of Lagrangian tracer particles during homogeneous Boussinesq
convection
This section presents results for particle-pair dispersion during homogeneous Boussinesq convection for
comparisonwithmany-particle dispersion calculated from a convex hull analysis. For an introduction to the
richﬁeld of Lagrangian particle-pair dispersion, we refer the reader to the review of Salazar andCollins [56]. In
addition to this review, severalmore recent works [57–59] propose newdispersion phenomenologies based on
locally ballistic dynamics, an alternative to the classical idea of turbulent diffusion exhibiting scale-dependent
diffusivity [19]. Herewe brieﬂy recall the basic argument for scaling regimes of pair dispersion. For times short
comparedwith the autocorrelation time of the Lagrangian velocities, the relative velocity of the particles is
approximately constant. Themean-squared separation of a pair of Lagrangian particles is therefore expected to
growquadratically with time for a short time. This is called the ballistic orBatchelor regime. The extent of the
ballistic regime is known to depend on the initial separation of the particle pair, 0D , due to aﬁnite correlation of
0D and the rms velocity ﬂuctuations on this scale v 0D . Recent theoretical [57–59] and experimental [60, 61]
worksmake use of a key time scale linked to 0D , the initial nonlinear turnover time v0 0 0t º D D . In the inertial
range ofNavier–Stokes turbulence this initial turnover time can be estimated as v 20
2
v0 t ~ D ( ). For times
much larger than the autocorrelation time of the Lagrangian velocity, the velocities of a pair of Lagrangian
particles are statistically independent. Themean-squared separation of a pair of Lagrangian particles is expected
to grow linearly with time. This is typically called the diffusive regime. In between the ballistic regime and the
diffusive regime is a period of timewhere themean-squared separation of particle pairs can grow cubically with
time. This is typically called theRichardson–Obukhov regime. The temporal separation of the ballistic and
Richardson–Obukhov regimes [59] can be estimated by 0t . Achieving a clear Richardson–Obukhov regime in
direct numerical simulations depends on the initial separation of particles as well as the size of the inertial range,
and is the subject of current ongoing research forNavier–Stokes turbulence. For this reason, and due to the
limited extent of the inertial scaling range that is expected for the Reynolds numbers we obtain, wemake no
claims of observing a Richardson–Obukhov regime in the present convection simulations.We compute the
initial turnover time via a one-dimensional Eulerian kinetic energy spectrum as k k0 0
3
0
1 2Evt = -( ( )) with
k 20 0p= D . Although themoderate Reynolds numbers of the present simulations are far away fromvalues
where a true inertial range, devoid of inﬂuences from largest or smallest scales of the ﬂows could be realized, for
descriptive convenience wewill apply this term to the interval of time-scales between the ballistic and the
diffusive regime. Figure 2 illustrates the Lagrangian particle-pair dispersion for simulationsHC andMC, both
drivenwith homogeneous Boussinesq convection characterized by a large Bolgiano–Obukhov length. In this
ﬁgure, thin solid lines indicate Batchelor scaling∼t2 and diffusive scaling t~ , around the shortest and longest
timescales, respectively. For both cases, HC andMC,we have 0 hD  , and thus 0t th . Indeed, both curves
deviate from t2-scaling after 0t . For intermediate times t t10 1000 0 0 t t-( ) , they display a phase of fast
separationwhich eventually levels off toward diffusive dispersion. The onset of fast pair separation in convection
Figure 2.Mean-square of the separation in the direction of gravity for pairs of Lagrangian tracer particles, dispersing in the
hydrodynamic convection simulationHC (a) and theMHDconvection simulationMC (b). Particle pairs are initially separated in the
direction of gravity by 0 kolhD = (HC) and 1.40 kolhD = (MC). Thin solid lines indicate: Batchelor scaling∼t2 (short timescales) and
diffusive scaling t~ (long timescales). Time and length are given in units of the initial turnover time 0t and theKolmogorov
microscale kolh , respectively.
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at approximately 10 0t is delayed compared toNavier–Stokes turbulence where it has been observed [59] to begin
at t t0 0t- ( ) . In a simulation of convection an anisotropy exists between the direction of themean
temperature gradient and the direction perpendicular. The separation of particle pairs evolves differently in
these two directions; the separation of particle pairs can also evolve differently depending onwhether the pair of
particles are initially separated in the direction of themean temperature gradient or perpendicular to it.
During Boussinesq convectionwith large Bolgiano–Obukhov length the Batchelor regime for pair
separations looks similar to randomly forced hydrodynamic turbulence driven at the large scales, as shownby
e.g. Sawford [62], Yeung andBorgas [63]. During the diffusive regime, large-scale ﬂow structures associatedwith
large Bolgiano–Obukhov length Boussinesq convection clearly affect the pair dispersion curve. The dispersion
curve does not look as smooth as the result obtained from randomly forced hydrodynamic turbulence driven at
the large scales. This is not surprising because the separation of the particle pairs has reached sizes comparable to
the large-scale convective plumes.We note that although our convection simulations use quasi-periodic
boundary conditions, ﬁgure 2 is not qualitatively different from ﬁgure 2 of Schumacher [41], which presents
Lagrangian dispersion during Rayleigh–Bénard convection. For pair dispersion in simulationsHC andMC,
extensive averaging over different ﬂow realizations would be necessary to achieve a perfectly smooth and
universal result, free from the inﬂuence of intermittent plumes or large-scalemagnetic structures.
4. Convex hull analysis of dispersing tracer particles
4.1.Description of the convex hull calculations
We seed a number of tracer particles in the simulation volume, which produces aﬁxed density of tracer particles.
In simulationsNST,HC, andMC the number of tracer particles and their density is based on the number needed
to producewell-resolved Lagrangian pair dispersion statistics. A convex hull analysis could potentiallymake use
of a signiﬁcantly higher density of tracer particles. To calculate a convex hull, we select andmark a group of
Lagrangian tracer particles initially contained in a small cubic sub-volume of our simulation. The initial length
scale of the group of particles hullℓ is calculated as the side-length of an initial cubic sub-volume; in the limit
where the group consists of only two particles, hullℓ would be equivalent to 0D , the initial separation of a particle
pair. For the density of tracer particles in simulationsNST,HC, andMC, hullℓ varies between 20 and 30 kolh . The
dependence of convex hull statistics on the initial length scale and density of the particle group is examined in
appendix.
Selection of each particle group based on the initial position of the tracer particles yields groups that contain
nearly the same number of particles, with randomvariation of approximately 20%based on the homogeneous
random initialization of the Lagrangian tracer particles. The average number of particles in a group, npch, listed
for simulationsNST,HC, andMC in table 1, is between 24 and 214.We follow theNhull convex hulls (see table 1)
of themarked particle groups for the span of the simulation. The required calculation of the hulls for each time-
step is performed using the standardQuickHull algorithm [64, 65], implemented in the function convhulln in
the package geometry publicly available for R, from theR Project for Statistical Computing [66, 67]. The surface
area and volume of the convex hulls are obtained based on aDelaunay triangulation of the hull vertices.We stop
tracking the convex hull of a group of particles when the Lagrangian crossing time, LCT, is reached to avoid the
possibility of numerical artifacts due to the periodicity of the simulation volume.
The initial positions of particle groups could be chosen in regions of special interest in the ﬂow, but in this
workwe restrict ourselves to a homogeneous initial distribution of the groups. For each simulation the ensemble
of particle groups is initially selected toﬁll completely a horizontal slab. The total number of groups of particles
that we analyze using convex hulls is listed asNhulls in table 1. This large number of convex hulls ismore than are
required for statistical convergence of average quantities, but allows us to capture some statistically rareﬂow
features.
As any pair of particles separates in a turbulent ﬂow, the particlesmovewith the small-scale ﬂuctuations of
the velocityﬁeld. The distance between the two particles increasesmonotonically in time on average, but any
speciﬁc pair of particles will produce an erratic, noisy signal. If a convex hull is deﬁned by a very small group of
particles, thenmost of the particles deﬁne the surface of the convex hull. These particles on the surface of the
convex hull are called vertices of the convex hull. In the situationwheremost of the particles are vertices, the
convex hull, like the particle-pair distance, shrinks or grows erratically as its component tracer particlesmove in
the turbulent ﬂow. The limit where groups contain only small numbers of particles is of little physical interest for
convex hull analysis, because particle pairs or particle tetrahedra already provide useful dispersion information.
In simulationsNST,HC, andMCwe examine the relative dynamics of larger groups of particles. If a particle
that is a vertex of the convex hullmoves inward toward the center of the larger group of particles, it is unlikely
that it will remain a vertex because of the requirement of convexity. It can become an interior particle of the
convex hull. Other particlesmay continue tomove away from the group, and the convex hull will typically
7
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continue to expand smoothly. The particles that constitute the group of vertices of the convex hull can be
exchanged frequently. This is a distinctive concept for the convex hull because it provides a contrast withmore
commonLagrangian diagnostics such as particle pairs or particle tetrahedra. For statistics constructed from
particle pairs or particle tetrahedra, the same particles deﬁne the size at each point in time.
The convex hull also intrinsically links amacroscopic length scale, the size of the convex hull, with the
position of the convex hull’s geometrical center. Over this length scale, the convex hullﬁlters out tracer particles
which disperse slower than its vertices, selecting themost efﬁciently dispersingmembers of the particle group.
4.2. Convex hull description of a group of tracer particles
A convex hull is deﬁned by its vertices; these are the particles that dispersed the fastest in a given group of
particles. Potentially this could decouple the convex hull from the enclosed particles in twoways. The number of
vertices of the convex hull could become extremely small, or themajority of interior particles could detach from
the convex hull vertices and clump somewhere in a subregion inside the hull. In this sectionwe devise simple
basic checks for these two scenarios.
If the particles contained in the convex hull do not spread throughout the space inside of the convex hull
evenly as it grows, the convex hull will fail to characterize the full group of particles.We use the average
difference between the geometric center of the convex hull, cvtx, and the virtual center ofmass of the interior
particles contained in the convex hull, cint, as an indicator of decoupling. This difference will not be zero,
because the particles thatmake up the convex hull will never ﬁll the space perfectly evenly. Since this difference
will grow in time as the particles disperse, we compare it to amaximal extent of the convex hull at any point in
time, deﬁned by d d d dx y z
2 2 2 1 2= + +( ) where dx is the extent of the convex hull projected on the x-direction,
and dy and dz are deﬁned similarly. Figure 3(a) shows that the average difference between the centers normalized
by the convex hull’smaximal extent, c cc dvtx intd = á - ñ∣ ∣ . This normalized average difference between centers
does not become larger than 40%during an initial phase (0.2 LCT t 0.4  LCT) and during the subsequent
phase converges toward a quasi-constant level ranging between 15%and 20%,which is less than the standard
deviation of the coordinates of the group of tracer particles for each simulation. Inﬁgure 3(a), time is given in
terms of the Lagrangian crossing time, LCT.
The differences in the initial separation of the particle pairs inﬁgure 2 ( 0 kolhD  ) and themean initial
length scale of the convex hulls ( 20 30hull kolh-ℓ ) generate dispersion curves that reﬂect different ranges of
temporal and spatial scales of the underlying turbulence. Because the observable dispersion regimes and their
duration can change as a consequence of different 0D or hullℓ , a direct comparison of bothﬁgures is difﬁcult. In
Navier–Stokes turbulence, the initial turnover time, 0t , has been shown [57, 59] to signal the transition from the
ballistic to the inertial range of dispersion, and thus to provide a reference scale of dispersion.We therefore use
the initial turnover time 0t to normalize the dispersion of particles contained in a convex hull, with initial length
scale hullℓ . It is however not expected that this normalization can eliminate the physical differences between
isotropicNavier–Stokes and anisotropic convective systems.Moreover, it is not clear whether the universality of
0t extends beyond the transition fromballistic to Richardson-like dispersion.
Close examination ofﬁgures 2 and 3 shows that the initial phase, duringwhich the average difference in the
centers of convex hull and interior particles increases to amaximal value, extends into the fast separation regime
of particle pair dispersion. The subsequent phase of decreasing cd corresponds to separation scales near to and in
Figure 3. (a)The average distance between the geometric centers of the convex hulls, cvtx , and the virtual center ofmass of their
interior particles, cint, divided by the convex hull size, d d d dx y z
2 2 2 1 2= + +( ) . (b)Data as shown in panel (a), shifted vertically to
common initial value. Solid line: NST, dotted line: HC, dashed line:MC. Averaging is performed over convex hulls calculated for each
group of Lagrangian tracer particles and at each time. Time is given in units of (a) the Lagrangian crossing time, LCT, and (b) the initial
turnover time, 0t .
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the diffusive regime. These signatures, as well as the sharp transients evident between phases of the evolution of
cd inﬁgure 3, indicate a potential utility of the convex hull for studies of the turbulent inertial range.
Figure 4 reveals the distribution of the group of particles within the convex hull in the z-direction.Here the
z-direction has been selected because it is the direction of the gravitational anisotropy in the convective cases;
however for one-dimensional cuts in directions other than the z-direction, similar curves result. The ratio
plotted inﬁgure 4 is the standard deviation of the particle positions, p z,s , divided by the extent of the hull in the
z-direction. This ratio would be small ifmany of the tracer particles were to form a clump rather than spreading
throughout the interior of the convex hull. For each of the three simulationswe study, however, this quantity
quickly comes to a plateau. After 0.1–0.2 LCT, i.e. the scales probed by the particles as they approach the inertial
range, the ratio no longer decreases substantially.
In all simulations the average number of vertices of the convex hulls decreases onlymildly with time; this
decrease is on the order of 10%before the Lagrangian crossing time is reached. After the short initial phase up to
0t , the decrease in the number of convex hull vertices happens very gradually.
We conclude that on average in simulationsNST,HC, andMC, the convex hulls and their interior particles
do not detach from each other in away that would render the concept of the convex hull inappropriate for
characterizing a pre-selected group ofmany Lagrangian particles. Based on themeasurements presented, a clear
distinction can bemade between the diffusive regime and the inertial range. The correlated inertial-range
velocityﬂuctuations lead to changes in the relationship of convex hull vertices and interior particles. This trend
is reversed as soon as the diffusive regime is reached, largely neutralizing the differences between interior
particles and the convex hull vertices on inertial scales. This susceptibility of the convex hull to the different
characteristic regimes of ballistic, inertial-range, and diffusive turbulent transport render this diagnostic
attractive for future Lagrangian investigations of turbulence.
Apart from the ability of the convex hull to indicate different regimes of turbulent transport, the tests above
also yield information about the dynamics of the turbulent velocity ﬁeld. The average displacement shown in
ﬁgure 3 quantiﬁes anisotropic differences between the dynamics of themost efﬁciently dispersing convex hull
vertices and the slower dispersing interior particles. On the spatial scale set by the convex hull, an anisotropic
difference of the velocityﬂuctuations responsible for vertex and interior tracer transport is observable as a
relative displacement of the centers of the group of interior particles and of those that deﬁne the convex hull.
Figure 3(b)which is a different representation of the data shown inﬁgure 3(a) demonstrates this point. All three
systems have slightly different initial Lagrangian tracer conﬁgurations and, consequently, the corresponding
initial values of cd differ by up to 8% (MC)whileNS andHChave an initial difference of approximately 1%.
Shifting the cd -curves of all three systems to a common initial level allows a qualitative comparison although this
simple approach can not eliminate all dynamical differences caused by varying initial tracer separations.
The increase observed for cd is driven by the particles that are part of the surface of the convex hull, since they
determine the geometric center of the convex hull. The relativemotion of particles contained in the interior of
the hull is driven by velocityﬂuctuations on scales smaller than the convex hull size. Particles at opposite
locations on the surface of the convex hull will experience velocity differences on the scale of the convex hull and
therefore tend tomovemore rapidly apart from each other than particles in the interior of the hull, which in turn
determine the center ofmass of the convex hull. Thus on time scales of t t0 0t-( ) ⪅ a signiﬁcant displacement
between the geometric center and the center ofmass of a group of particles can occur, evidenced in the rapid
growth of cd . The relative displacement of the geometric center and the center ofmass continues to grow at a
slower rate for t t0 0t- >( ) . This can be attributed to aﬁnite time correlation of the velocity ﬂuctuations on the
Figure 4.The standard deviation p z,s of the z coordinates of interior particles of a convex hull divided by its extension along the
z-direction dz. Averaging is performed over all convex hulls in each simulation. Time is given in units of the Lagrangian crossing time,
LCT.
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scale of the convex hull. In addition, as time evolves and the hull grows in size, particles in the interior of the
convex hull will also experience increasing velocity ﬂuctuations and thus some interior particlesmay become
particles on the surface of the hull and—vice versa—particles on the surface of the convex hull canmove into its
interior due to engulfment by other particles. This process eventually leads to a decrease in the relative
displacement of the geometric center and the center ofmass as the diffusive regime is approached. A noticeble
difference between theNST conﬁguration and the convective systemsHC andMC is the presence of a plateau
for theNST case between 3 0t and 16 0t , while forHC andMC, cd continues to grow during this time. The
different behaviormay be caused by anisotropy in the convective ﬂowsHC andMC sustaining longer
correlations in time for velocity ﬂuctuations in preferential directions, which does not occur for the statistically
isotropicNavier–Stokes case.
The quantity shown inﬁgure 4measures the diffusive character of themotion of the interior particles, rather
than dynamical anisotropy. Thismeasure exhibits a rapid transient around 0t from initial levels towards a ﬁrst
roughly constant plateau throughout the inertial range that ﬁnally approaches the asymptotic diffusive value
around t t 1000 0t- ( ) . Here, the inherently hydrodynamic simulationsNST andHCdisplay less variation
throughout the inertial range than systemMCwhich exhibits additionalﬂow structuring due to the presence of
magnetic ﬁeld ﬂuctuations. This brief interpretation allows for extensions, for example focusing on vertex
dynamics or a detailed direction-speciﬁc analysis by introducing spatial projections of the hulls to narrowdown
the structure of the underlying anisotropic ﬂuctuations. This will be subject of future work.
4.3.Multi-particle dispersion using convex hull analysis
Because ballistic and diffusive ranges for particle pair dispersion are typically discussed in terms of length
squared, we employ analogousmeasures for a group of particles and convex hulls. This is intended tomake
comparisonwith dispersion curves as simple and direct as possible.We calculate amaximal ray r internal to a
convex hull deﬁned by a group of particlesG:
r x x y y z zmax . 5
i j G
i j i j i j
,
2 2 2= - + - + -
Î
( ) ( ) ( ) ( )
By deﬁnition, the particles i j, that contribute to themaximum in this deﬁnition are always vertices of the convex
hull. If the group of particles denselyﬁlled a sphere, the convex hull would be the surface of the sphere, and the
maximal raywould be the diameter of the sphere. For this reason themaximal ray is sometimes also called the
diameter of a convex hull. However in this workwe examine anisotropic systemswhere the convex hull of a
group of particles is not typically close to spherical; we opt for themore accurate former term. The susceptibility
of themaximal ray’s orientation to deformations of the convex hull can be parameterized by the RMS value of
the vertex distance from the hull’s geometrical center normalized by the average distance to the center (averages
taken over the hull vertices),Q rr vtxvtxs= . IfQ 0» , i.e. the convex hull is close to spherical, themaximal ray
can change its direction by an arbitrary amount andmuch faster than the autocorrelation times of the underlying
turbulent ﬂuctuationswould suggest. In this case, smallﬂuctuations of the hull radius, which can occur due to
uncorrelated small-scale ﬂuctuations, will lead to rapid changes of orientation of themaximal ray. Themaximal
ray is highly susceptible to anisotropic deformations of the convex hull. In contrast, a signiﬁcant anisotropic
deformation of the convex hull,Q 1 , acts like a threshold for directional variation of themaximal ray and
stabilizes its orientation. This subsection focuses on quantities speciﬁc for the convex hull and their relation to
classical Lagrangianmean-square pair-separation, 0 2á D - D ñ( ) .
We average the square of themaximal ray over all groups of particles; the results for each simulation are
shown inﬁgure 5(a). Thisﬁgure demonstrates that themaximal ray, although it is not tied to the same particle
pair in each tracer group, asymptotically converges to a ballistic regime signature∼t2 up to approximately 0t ,
and an asymptotic diffusive regime t~ at long times, for all systems considered. The data shown forMCdoes not
attain the same temporal resolution as for systemsNST andMCdue to a larger time step but penetrates further
into the diffusive regime.
Additional length-scale estimates can be obtained from taking appropriate powers of the normalized surface
area, r S 4S 1 2p= ( ( )) , and the volume, r V3 4V 1 3p= ( ( )) , of the convex hulls. Averaging the length scales
produced bymany different particle groups reveals dispersive behaviors that also tend to obey the ballistic and
diffusive scaling laws. A comparison of dispersion curves produced from the surface area and volume of
simulationNST are shown inﬁgure 5(b). Similar to Lagrangian pair dispersion, the expected asymptotic scaling
laws for ballistic and diffusive regimes are approached by the surface- and volume-based distance
approximation.However, they hold over a shorter period of time than those shown inﬁgure 2. Although
ﬁgure 5(b) shows dispersion curves only for simulationNST, similar results are found for simulationsHC and
MC.ARichardson–Obukhov-like regime is not observed. Because achieving a clear Richardson–Obukhov
regime in direct numerical simulations depends on the initial separation of particles as well as the size
of the inertial range, a Richardson–Obukhov regime is not expected in our simulations. Particle ﬁltering, an
inherent property of the selection criterion of convex hull vertices,may also contribute to the lack of a clear
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Richardson–Obukhov regime resulting from convex hull analysis of dispersion. During early dispersion, the
vertices of a convex hull tend to be particles thatmove away from the center of the hullmost rapidly in the
direction radially outward from the center of the particle group; thismay explain the quasi-ballistic signature
before approximately 16 0t (see ﬁgure 3(b)). As noted by Bianchi et al [50], although there is a conceptual
connection betweenmany-particle groups and particle pairs,many-particle groups provide different
informationwhenmeasuring dispersion scalings.
There is a fundamental difference between themaximal ray and the surface- or volume-based length
approximations that becomes particularly important with regard to deformations of the convex hull: the
maximal ray by deﬁnition runs along the direction ofmaximumextent of the convex hull. In contrast, the other
two quantities yield averaged and isotropized approximations of the length scale probed by the hull, i.e. the
radius of a reference sphere of same surface or volume. Spherical geometry is a naturalﬁrst-order approximation
of a convex hull or,more precisely, the convex polyhedron, whichwe use as its numerical representation, since
convexity implies that the hull has no corner pointing inwards. This constraint severely restricts the complexity
of the hull’s surface structure, since any such corner vertexwould turn into an interior point enclosed by the hull.
This results in an object which canmainly be deformed by ﬂattening of the inscribed spheroid along some
direction perpendicular to themaximal ray. The convex hull is notmaterial and therefore is not constrained by
volume conservation in incompressible ﬂow. Although the possible length deﬁnitions do not show large
qualitative differences compared to themaximal ray, their behavior relative to each other reﬂects the different
responses of hull area and volume to deformations of the convex hull. This will be exploited in section 5.
5. Results: anisotropic dynamics of convex hull vertices
The relationship between the surface area, S, and volume,V, of a convex hull reveals the anisotropy of vertex
transport in a turbulent ﬂow,which is of particular interest during convection, i.e. in the presence of coherent
velocity structures.We introduce the non-dimensional ratio S V 2 3 as a direct way to quantify anisotropy.
Because a sphereminimizes the amount of surface area for a given volume, an absolute lower bound of
4 4 3 4.82 3p p »( ) exists for this non-dimensional surface–volume ratio. An anisotropic convex hull, e.g. a
cigar-shaped or a pancake-shaped hull, will have a higher surface to volume ratio, so the ratio gives an
impression of hownon-spherical the current state of the hull is. The ratio cannot differentiate between prolate
(cigar-shaped) and oblate (pancake-shaped) convex hulls, because it approaches inﬁnity in the limit both of zero
pancake thickness and inﬁnite cigar length.Higher values indicate a basic level of anisotropic deformation.
Figure 6(a) shows the time evolution of the surface–volume ratio, averaged over all convex hulls in each
simulation. Because the particle groups consist of small numbers of particles which are randomly distributed,
they are not initially perfectly isotropic and do not evenly ﬁll the cubic initial volumes; the resulting convex hulls
do not form either perfect cubes or perfect spheres. Thus the surface–volume ratio initially exhibits an average
value of approximately 5.6, a low value that lies between the values for perfectly spherical and perfectly cubical
volumes. In all simulations, the surface–volume ratio begins to increase around t t= h, indicating that the
convex hulls typically become stretched, i.e. anisotropic, as their particles start to disperse due to turbulent
ﬂuctuations. In theNavier–Stokes case (NST)no global anisotropy exists in the ﬂow. As expected, the average
surface–volume ratio remains relatively low throughout the simulation reaching itsmaximal value around 10 th.
Figure 5. (a)Evolution of themean-squaremaximal ray r of the convex hulls in all three systems. (b)Evolution ofmean-square
maximal rayX=r (solid curve), of the length based on the hull’s surface area, X S 4 1 2p= ( ) (dot-dash), and of the length based on
the hull’s volume, X V3 4 1 3p= ( ) (dash-3dot), for simulationNST, thin solid lines as in ﬁgure 2. Brackets indicate averaging over all
groups of tracer particles in a horizontal slab in each simulation volume. The symbols r0, S0, andV0 denote the respective initial values.
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At long times, the average surface–volume ratio returns to approximately its initial value as uncorrelated particle
motion begins to eliminate anisotropic deformations of the convex hull. The changes in the surface–volume
ratio also slow and it approaches a ﬂat regime related to the diffusive trend observed inﬁgure 5 at long times.
In the case of hydrodynamic Boussinesq convection (HC), themean temperature gradient introduces a
preferential direction.Wewould thus straightforwardly expect higher stretching of the hulls in this direction.
However,ﬁgure 6 shows that this does not take place for the convex hulls we followed; for times greater than th
only a slight increase occurs followed by a plateau phase up to 30th. Subsequently, the average surface–volume
ratio quickly decreases below its initial value. The scale of the convective plumes in simulationHC are large and
diffuse, as reﬂected by the large Bolgiano–Obukhov length boℓ , the smallest scale onwhich the cascade of
thermalﬂuctuations is driven by buoyancy [68]. This large Bolgiano-Obukhov length indicates that smaller-
scale turbulent dynamics are not driven by the anisotropic inﬂuence of buoyancy. The convex hulls do not tend
to become strongly anisotropic, because the length scale of the anisotropic convection differs considerably from
the scale of the convex hulls examined. The Reynolds number ofHCwhich is less by approximately 50% as
compared to the value of theNST system also explains why theHC simulation exhibits the lowest level of
convex-hull anisotropy.
A different behavior is observed for themagnetohydrodynamic convection (MC) simulation since larger-
scalemagneticﬂuctuations have a strong impact on small-scale dynamics (in contrast to a large-scale velocity
there exists no frame of reference which eliminates themagnetic ﬁeld); consequently, far higher surface–volume
ratios are attained than in the other two cases. In this simulation the large-scalemagnetic ﬁeldﬂuctuations result
in strong local anisotropy of the small-scale velocityﬂuctuations [69–76]; the consequence is considerable
stretching of the convex hulls.
Themean alone does not characterize the full information that the convex hull analysis can provide about
anisotropy in each simulation. The shape of the probability distribution of the surface–volume ratio yields a
more comprehensive picture. If all convex hulls in a simulationwere perfect spheres, the distribution of the
surface–volume ratiowould be a delta function.However, the distributions show a strong dependence on the
type of turbulence indicated by the values of distributionmean,μ, and standard deviation,σ, given in the
caption ofﬁgure 6. In the hydrodynamic convection case the distribution is the narrowest with the lowestmean
indicating the highest level of anisotropy, followed byNST andMC. The signiﬁcant hull anisotropy observed for
systemMC is a clear indication of the additional anisotropy imposed by the slowly evolving large-scalemagnetic
ﬁeld ﬂuctuations on the smaller-scale velocityﬂuctuations. These results are not surprising and consistent with
the data given inﬁgure 6(a). In addition, ﬁgure 6(b) shows the centered and normalized distributions of the
surface–volume ratio for each of our three simulations after each set of convex hulls has evolved for 20 th. All
distributions collapse on a positively skewed functional shape suggesting a general characteristic of convex hull
deformation common to all three turbulent systems.
The surface–volume ratio varies spatially in each simulation. The time evolution of this ratio for a single
convex hull in simulationMC is illustrated inﬁgure 7. At early times, the surface–volume ratio for this individual
hull grows to considerably exceed themean, indicating that this hull ismore stretched than the average convex
hull of this ensemble. This surface–volume ratio also exhibits rapid changes in time. For example, during the
Figure 6.The time evolution of the convex hull’s surface area, S, divided by the 2/3 root of the volume,V. In (a) the evolution of this
non-dimensional surface–volume ratio is averaged over all convex hulls in each simulation. In (b) the probability distribution
function, P, of S V 2 3 m s-( ) is shown at time 20 th,μ denoting themean andσ the standard deviation of the respective
distribution. The tuples ,m s( ) areNST:(6.8, 0.7), HC:(6.0, 0.3),MC:(8.5, 1.6).
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period between approximately 5 th and 10 th this hull goes from amore anisotropic form than average to a
considerably less anisotropic form.
Inﬁgure 7, the surface–volume ratio is also shown as a contour plot for the set of convex hulls that ﬁll a
horizontal slab of simulationMC.Dark areas represent regionswhere convex hulls have grownwith signiﬁcant
anisotropy.High spatial intermittency is also noticeable, with areas of large anisotropy bordering areas that grow
more isotropically. This pattern of anisotropy remains similar over a long period of time, reﬂecting the strong
inﬂuence of the initial conﬁguration of the ﬂowon local dispersion. Althoughwe examine a small number of
simulations, the non-dimensional surface–volume ratio thatwe introduce is clearly capable of revealing aspects
of local anisotropy in turbulent ﬂows.
6. Results: extreme-value statistics of turbulent particle dispersion
The vertices of a convex hull are the particles that disperse fastest among a given group of particles, and the
maximal ray deﬁnes amaximal dispersion of all particle pairs within the group. Thus the use of the convex hull
evokes concepts from extreme value theory [77, 78]. Themostwidely encountered distribution in extreme value
theory, theGumbel distribution [79, 80], has been frequently employed for climatemodeling, including extreme
rainfall andﬂooding [81–85], extremewinds [86], avalanches [87], and earthquakes [88]. TheGumbel
distribution has also been found to reasonably characterize the density ﬂuctuationswithin galaxies [89–91] and
in certain areas of tokamaks [92–94], binding energies in liquids [95], as well as turbulent ﬂuctuations [96, 97].
The cumulative distribution function F for theGumbel case has thewell-known form:
F x xexp exp , 6m b= - - -( ) ( ( ( ) )) ( )
where the location parameterμ gives themode of the distribution, β is commonly called the scale parameter,
and themedian of the distribution is ln ln 2m b- ( ( )). Because extreme value theory typically develops as an
asymptotic theory for sample sizes n ~ ¥, convex hulls with large numbers n of particles facilitate the
exploitation of extreme value theory results.
We examine the square-length of themaximal raywith extreme value theory, and this choice is crucial. The
square-length of themaximal ray is a fundamental scalar commonly associatedwith dispersion, and thus the
most natural physical quantity to consider. The square-length of themaximal ray is also consistent with a simple
model of Gaussian displacements. No rigid upper limit exists for the square-length of themaximal ray, and thus
theGumbel distribution is the case that would be anticipated from extreme value theory.
Because Lagrangian tracer particlesmove in aﬂowwith aﬁnite correlation in space and time, theirmotions
are not independent. The number of particles in each group is also limited in these numerical experiments.
Despite these limitations, weﬁnd that the shape of the cumulative distribution function of the square of the
maximal ray is suggestive of aGumbel distribution. This observation holds at each point in time, regardless of
whether the particle groups sampled are in the ballistic regime, diffusive regime, or a transitional period of
dispersion. AGumbel distribution describes the results well, regardless of the initial length scale of the convex
hull, and the initial density of particles, for the range 4 64hullkol kolh h< <ℓ that we have tested (see appendix).
Figure 7. (Left) a comparison of the non-dimensional surface–volume ratio between the convex hull of a single arbitrarily chosen
group of tracer particles and the average, in the simulationMC. (Right) a contour plot that shows a horizontal slab ﬁlledwith convex
hulls in simulationMC, at a late time in the simulation. Darker colors represent higher values of the surface–volume ratio. The colors
are shown at the initial positions of the convex hulls, and each pixel approximately represents the initial volume of a convex hull.
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This suggests that theGumbel distributionmight provide an effective description of the probability of extremes
of turbulent dispersion. The location and scale parameters can be different for different hullℓ , and at different
times in the dispersion process, although aGumbel distribution is recovered at each time.
In addition, we consider a cumulative distribution function constructed fromdata at all times throughout
the evolution of the convex hulls, as shown inﬁgure 8.Using data from all times is a reasonable choice that
produces a single formof the cumulative distribution function relevant to the entire simulation. From the
perspective of the simplemodel of Gaussian displacement, noted above, that pragmatic choice actualizes a
distribution of values of the scale parameter. Such a possibility is well known in related, but physically distinct,
studies of turbulence [98]. Figure 8(a) shows that the distribution of square-length of themaximal ray isﬁt well
with aGumbel distributionwhen physically distinct directions, perpendicular and parallel to gravity, are
considered individually in themagnetoconvection simulationMC.We found in section 5 that the convex hulls
in simulationMCbecomehighly anisotropic on average. Thus the fact that aGumbel distributionwith different
location and scale parameters accurately describes the extremes of dispersion in both of these physically distinct
directions is a new and signiﬁcant physical observation.
Inﬁgure 8(a), we observe an ordering between the scale parameter obtained for the direction perpendicular
to gravity and the direction parallel to gravity; the value of the scale parameter is larger in the direction parallel to
gravity. Figure 8(b) compares the cumulative distribution functions of the square-length of the fullmaximal ray
of the convex hull in each simulation, and again they demonstrate the linear behavior expected of Fln ln-( ( )) for
theGumbel distribution.When the Fln ln-( ( )) isﬁt using linear regression, the value of the scale parameters
are: 0.17HCb = , 0.40NSTb = , and 0.65MCb = . In section 5, ordering these simulations according to the least
anisotropic to themost anisotropic simulation produced:HC,NST,MC.We thus conjecture from the results in
ﬁgures 8(a) and (b) that faster dispersion linked to anisotropywill lead to a higher value of the scale parameter.
7.Discussion
Wehave shown that the convex hull can be used to characterizemany-particle dispersion in turbulent ﬂows, and
can reproduce scalings similar to particle-pair, and othermulti-particle Lagrangian statistics. The convex hull
allows us to extract dispersion behaviors that produce clear scalings from groups of tracer particles that are
signiﬁcantly larger than have been typically examined bymulti-particle statistics.We have examined particle
dispersion using convex hulls across three types of physically distinct turbulence simulations, including
Navier–Stokes turbulence, Boussinesq convection, andMHDBoussinesq convection. In each of the simulations
thatwe consider, we have shown that the convex hull describes well the dynamics of the entire group of particles.
In addition, these tests yield further information about the turbulent velocity ﬁeld by quantifying the dynamical
differences between interior particles and convex hull vertices. Dispersion curves produced using themaximal
ray of the convex hull, the surface area of the convex hull, and the volume of the convex hull produce ballistic and
diffusive scalings, which can be comparedwith particle-pair dispersion curves. Although the convex hull has
Figure 8.The log negative log of the cumulative distribution function, F, of the square of themaximal ray of the group of particles
deﬁned in equation (5). Panel (a) shows the cumulative distribution function of the square of themaximal ray in the directions
perpendicular and parallel to gravity from theMHDconvection simulationMC. In (b) shows the cumulative distribution function of
the square of themaximal ray for each simulation. For each cumulative distribution function shown, a line (solid black line)ﬁts the
natural log of the negative natural log of Fwell.
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been used to calculate volumes occupied by particles in some specialized contexts [21, 27], this is theﬁrst time
that the convex hull of the positions of Lagrangian tracer particles has been used as a fundamental diagnostic to
obtain Lagrangian statistics ofmulti-particle dispersion in homogeneous turbulent ﬂows.
In addition, we have explored the convex hull’s fundamental link to extreme value statistics.We have
discussed that the convex hull provides new information about extremes of dispersion that standard
multi-particle statistics cannot. Convex hulls calculated from large numbers of particles provide an ideal
application for extreme value theory, an asymptotic theory for large samples. Predictions based on extreme value
theory are of practical use for studies of contaminants or of energetic particles, where questions aboutmaximal
dispersion are critical. Experimentally itmay be simpler to track the convex hull of a large number of particles
than to track all the particles in the group individually.We show that the distribution of the square length of the
maximal ray of the convex hull is theGumbel case of generalized extreme value distributions. In additionwe
show that for a system that is anisotropic because ofMHDconvection, themaximal ray in each physically
distinct direction is describedwell by theGumbel distribution. Because theGumbel distribution has been
successful in predicting avalanches, extreme rainfall, and extremewinds, this nontrivial newobservationwill
provide new physical intuition formodeling anomalous dispersion.
In a second application of the convex hull analysis, we exploit the relationship between convex hull surface
area and volume to examine the degree of anisotropy present in a turbulent convective ﬂow.Our results reveal
the extent of spatial variation of anisotropy.Moreover, this quantity also exhibits a probability distribution that
has the same universal shape for all three considered physical systems. Convex hull analysis can easily isolate
dispersive characteristics in any local region of interest, for example a regionwhere amagnetic structure, or
strong convective plume is present. Used in this way, they provide a versatile supplement to standard Lagrangian
multi-particle statistics in complex turbulent ﬂows. Because of these advantages, further investigation of the
convex hull to analyzemany-particle turbulent dispersion is justiﬁed.
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Appendix. Dependence of convex hull statistics on initial size and density
Because the initial separation between a pair of tracer particles affects two-particle dispersion, the initial length
scale hullℓ of a group of tracer particlesmay also play a role in a convex hull analysis ofmany particle dispersion.
The initial density of tracer particles clearly also is signiﬁcant for dispersion, because this directly determines the
resolution of the convex hull surface area and volume. For simulationsNST,HC, andMC, the initial density of
tracer particles is between 0.001 and0.02 3particles kolh . This density severely limits the hullℓ that can be explored
in these simulations. The initial size of the particle groups is chosen to be, 20 30hullkol kol h hℓ , and groups
with substantially smaller hullℓ clearly do not contain enough particles for the convex hull to be adequately
resolved. For a point of comparison, the particle groups examined byBianchi et al [50] are signiﬁcantly smaller
andmore dense; they have initial length scale of hull kolh=ℓ which contains 2000 tracer particles.
In order to systematically test the convex hull analysis of dispersion for a range of initial sizes, we perform a
test simulation of forced homogeneous isotropicNavier–Stokes turbulence, similar to simulationNST, inwhich
tracer particles are initialized in groupswith given hullℓ , and at two different ﬁxed particle densities. Theﬁrst
density, 0.005 3particleslow kolr h= , is selected to be similar to the tracer particle density in simulationsNST,
HC, andMC, in order to examine hullℓ both larger and smaller those examined in these simulations. At this
density we examine groups of tracer particles with eight initial sizes between 14 64hullkol kol h hℓ . The second
density 11.5 3particleshi kolr h= is signiﬁcantly higher, so that we can examine groups of particles with four
smaller initial sizes between 4 14hullkol kol h hℓ .
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Regardless of hullℓ and initial particle density, the trends evident for the convex hull validity diagnostic in
ﬁgures 3 and 4 are recovered. The time at which the normalized average difference between centers
c cc dvtx intd = á - ñ∣ ∣ reaches a peak appears to be approximately independent of both the hullℓ and density. For
larger hullℓ the growth of cd begins earlier, although the time at which cd begins to grow is not directly relatable
to 0t . The decrease to a plateau, evident inﬁgure 4, is larger for groups of particles with larger hullℓ , atﬁxed
particle density for both densities tested.
Aside from these diagnostics, we consider the growth of the difference between the geometric center of the
convex hull and the center ofmass of the group of tracer particles, normalized by the initial length scale of the
convex hull c c hullvtx intá - ñℓ∣ ∣ . This is not useful for examiningwhether the convex hull describes the group of
particles well, because unlike themaximal extent d, hullℓ describes the initial state of the particle group and does
not change in time; however the difference in these centers provides a newquantity linked to the dispersion of
many tracer particles. The evolution of this quantity is shown inﬁgure 9. In theﬁgure, themagnitude of the
difference in the centers is clearly linked to hullℓ , with larger hullℓ leading to smaller values of c c hullvtx intá - ñℓ∣ ∣
throughout dispersion.However the shape of the evolution curves for the difference in the centers appears to be
approximately independent of hullℓ . During the inertial range of time scales, the difference in centers grows
linearly with time. Explaining this interesting scaling result will be the subject of futurework.
The evolution of themaximal ray r introduced in section 4.3 universally exhibits a clear diffusive regime for
all hullℓ and densities tested. This is illustrated by ﬁgure 10.We do not expect perfect ballistic scaling of the
maximal ray, because unlike a particle pair, the particles that determine themaximal ray of a convex hull can be
exchanged. Despite this, we do observe a scaling reminiscent of ballistic behavior for all hullℓ and densities tested;
this likely indicates that vertex exchange is not a dominant effect during this early regime of dispersion. The slope
of the dispersion curves during transitional regimes between ballistic and diffusive appears to be dependent on
the initial length scale hullℓ . This is unsurprising because it is a well-known result for particle-pairs.
Figure 9.Evolution of the difference between the geometric center of the convex hull and the center ofmass of the group of tracer
particles, normalized by the initial length scale of the convex hull c c hullvtx intá - ñℓ∣ ∣ for (a) groups of particles with four initial sizes
and particle density hir , and (b) groups of particles with eight initial sizes and particle density lowr . The initial size hullℓ is labeled in
units of kolh . A thin solid linewith slope 1 is indicated during time scales associatedwith the inertial range.
Figure 10.Evolution of themean-squaremaximal ray r for groups of particles with (a) four initial sizes and particle density hir , and (b)
eight initial sizes and particle density lowr . The initial size hullℓ is labeled in units of kolh .
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